Antibodies have been shown to hinder the movement of Herpes Simplex Virus (HSV) virions in 5 cervicovaginal mucus (CVM), as well as other viruses in other mucus secretions. However, it has 6 not been possible to directly observe the mechanisms underlying this phenomenon, so the nature of 7 virion-antibody-mucin interactions remain poorly understood. In this work, we analyzed thousands 8 of virion traces from single particle tracking experiments to explicate how antibodies must cooperate 9
effect can be seen in Figure 1 , where we display virion trajectories for two populations of 37 HSV virions, originally studied in Wang et al. [18] . The left and right columns show virion 38 movement in the presence of low and high Ab concentrations, respectively. The degree of 39 activity in the low Ab concentration is notably higher. The possibility of using IgG to hinder the motion of different viruses in mucus provides a 41 novel strategy for immunologists to develop methods to prevent and/or treat viral infection [11, Here D is the diffusivity of the virion in mucus in the absence of Ab, N (t) is the number of 77 virion-bound Ab, and S(t) is the subset of Ab simultaneously bound to the mucin mesh. This 78 reduction in diffusivity is independent of S(t) because the number of simultaneously bound Ab 79 changes so rapidly (relative to the number of bound Ab), the virion only feels the average effect 80 of these changes, which is captured by the number of bound Ab, N (t). The parameter α can be 81 expressed in terms of the Ab-mucin binding and unbinding rates (m on and m off , respectively) 82 and the effective concentration [M ] of binding sites on the surfaces of mucin fibers. If m on [M ] 83 and m off are very large, so that there are many on-and-off switches per second, then an effective 84 diffusivity arises with a so-called "knockdown factor" α = m off /(m on [M ] + m off ) [2] . In this 85 way, we say that the Incremental Knockdown Hypothesis follows from assuming that the 86 dynamics is in a Fast Switching Regime. That is to say, in this modeling regime, one assumes 87 that [diffusion immobilization] switching is faster than the times between experimental 88 observations and faster than simulation time steps. We depict a typical trajectory of a virion 89 under this hypothesis in Figure 3 (a). A virion rapidly changes between the immobilized 90 (red) state and freely diffusing states (green). The resulting path has a reduced effective 91 diffusivity that is well-approximated by Equation (1.1), and the virion exhibits qualitatively 92 less movement than a virion predominately in the freely diffusing state (seen in blue). The path of a virion assuming it takes one (green trajectory) or ten (blue trajectory) simultaneously bound Ab for immobilization. Red intervals correspond to periods of immobilization. Bottom Row (d)-(f ): The virion-Ab-mucin dynamics that govern the movement of the simulated virion directly above it. Within each frame, the number of bound Ab N (t) is shown by the purple trajectory and the subset of these Ab that are simultaneously bound to the mucin fibers S(t) assuming a low threshold, T = 1, and higher threshold, T = 10, shown by the green trajectory and blue trajectory, respectively. The binding rate cascade factor c increases from left to right: c = 1, c = 20 and c = 200, respectively. Other model parameters used in the simulation are ([A]0, [A]exo, N * ) = (0.2µg/mL, 0.1µg/mL, 120). The mathematical model is fully described in subsection 2.4. sian. The qqnorm plots for the increment processes had approximately linear relationships for 136 all particles indicating the x and y increment processes for all particles could be described as 137 Gaussian. 138 Noting that if a Gaussian process has uncorrelated increments then the increments are 139 independent, we tested for independence of increments by quantifying the statistical sig-
denote the ith particle's x and y increment processes, respectively.
142
For the ith particle, we estimated the correlation between the x and y increment processes 143 separated h time steps apart using the sample autocorrelation function, A i (h; U ) and A i (h; V ) 144 used in the R programming language. If there are n increments of uniform duration δ then 145 for a time lag of hδ
. We say the ith particle's increment processes are anti- its diffusivity D. If (X(t), Y (t)) is the 2d position of the particle at time t, then its diffusivity 163 is defined to be D := lim t→∞ E(X 2 (t) + Y 2 (t))/4t. For a Brownian path with n steps of 164 uniform duration δ, the maximum likelihood estimator (MLE) for its diffusivity has the form
shown in Appendix A. We refer to D eff as the path's effective diffusivity. We note that this 167 effective diffusivity is only a consistent estimator for D if the path has all the characteristics 168 of Brownian motion, namely stationary, independent, Gaussian increments. However, as seen in Figure 4 (a)-(c) there are many paths with anti-correlated increments. For such a process, 170 "diffusivity" is not well-defined. Nevertheless we use D eff as a descriptor for these paths 171 because this serves the purpose to distinguish between the particles in two different states by 172 the clustering methods described below.
173
For a given collection of N particles, the ensemble effective diffusivity is the weighted 174 average effective diffusivity of the tracked particles in the sample, denoted D eff . When 175 evaluating population statistics in particle tracking experiments, if particle paths are weighted 176 independent of path length, then it has been shown that there is a bias toward highly mobile 177 particles, further discussed in subsection 2.3. 1,[19] . Based on that analysis, we report the 178 effective diffusivity of an ensemble by taking an average weighted by path lengths. Let D i eff 179 denote the effective diffusivity of ith freely diffusing virion, which has path length n i . Then where clusters merge at a height equal to dissimilarity between them. We obtained the k 204 cluster by cutting the resulting dendrogram at the uniform height yielding k clusters.
205
In almost all cases, we set the number of clusters to k = 4 and labeled them Freely 'frame-by-frame' method assigns each tracked particle a weight based on the number of frames 221 the particle appears in the field of view, whereas in the conventional method each particle has 222 the uniform weight of one. Under this weighting system, for a sample of size N , the weighted 223 sample proportion of the ith state is given by
where δ ik is the Kronecker delta function. to be freely diffusing if there are fewer than T simultaneously bound antibodies, S(t) < T.
236
Under this convention, the time-dependent diffusivity is given by
where the constant D is the diffusivity of the virion in mucus in the absence of Ab. In the 239 following sections, we present a mathematical model that describes the asymptotic probability 240 of the immobilized state when exposed to varying exogenous antibody concentrations.
Model assumptions.
Based on the initial population clustering analysis, there 242 appears to a subpopulation of virions that do not interact with the antibodies. We define q to 243 be the probability that a given virion will interact with the Ab population. Second, for the sake 244 of simplicity, we assume that Ab-virion binding sites operate independently from each other.
245
However, we allow for conspiracy among the Ab in binding to the mucosal environment. Once Table 1 for a comprehensive list of variables.
260 Table 1 Parameters and known values incorporated in the model. * indicates that the value has not been directly measured. The given value is chosen to be consistent with indirect observations.
Parameter
Symbol If there are s simultaneously bound Ab cross-linking the virion to mucin fibers at time t and 265 n occupied virion-surface-binding sites, then the conditional Ab-mucin dynamics are modeled 266 by a CTMC with state transition rates
The function in Equation (2.9) quantifies the impact immobilization has on the rate at which 271 additional antibodies crosslink to the mucin fibers, i.e. the binding cascade effect, and results 272 in a non-linear transition rate when c = 1. We note that the transition (n, s) → (n − 1, s − 1) 273 is omitted from our analysis to facilitate with explicit likelihood calculations. This does not 274 qualitatively affect our results. 275 We show the impact the immobilization threshold, T , and the cascade factor, c, have on 276 the immobilization process in Figure 3 . Within each frame, it can be seen that a higher im-277 mobilization threshold allows for longer freely diffusion periods, while across frames a higher 278 cascade factor leads to longer immobilized periods. In Figure 3 2.4.3. Our approximation for the stationary probability of being immobilized. We 296 assume that the antibody-virion dynamics are slow compared to the antibody-mucin dynamics.
297
To approximate a virion's long-term probability of being immobilized, we use a product of two factors. The first is the steady-state distribution for the number of surface-bound Ab, 299 N (t). Then we compute the stationary distribution for the number of simultaneously bound 300 Ab, S(t), conditioned on each value N (t) = n (where n ∈ {0, . . . N * }). 301 We introduce the notation b(x, n, p) for the binomial probability mass function. That 302 is, if X ∼ Binom(n, p), then P{X = x} = b(x, n, p). Our approximation to the stationary 303 distribution of immobilization can be understood as an average over the transitions of the fast 304 process S(t). Let σ denote the time a particle spends in the immobilized state, and τ the time 305 a particle spends in the freely diffusing state. Then our approximation takes the form
, and E(τ ; T, c, n) =
. 309 The derivation of Equation (2.10) and Equation (2.11) rely on Markov Chain Theory and 
. 314 We say that a parameter vector is in the (2) there is no measurement error. We derive the likelihood function in Appendix C. 346 We take a Bayesian approach to jointly estimate D,κ, and τ under both switching scenar- Regime) is consistent with the data.
368
In order to quantify the model's error in predicting the immobilized fraction, for each 369 donor i, we partitioned the paths according to exogenous Ab concentration {[A] j } 5 j=1 , and 370 introduced the following residual function:
371
(2.16) 2.6.1. Numerical method of profile likelihoods to deduce parameter identifiabilty.
379
Because we assume normal approximation to the binomial distribution, working with a residual 380 function is equivalent to using a likelihood function to define confidence intervals [14, 16] . For 381 ease of notation in this section, we will suppress the dependence on i when considering the 382 residual function χ 2 ( θ) for donor i.
383
To discuss identifiability of our model parameters, we use the nomenclature introduced is not unique and contains at least two elements whose θ k components are distinct. This often 398 occurs when there is a functional relationship φ among θ k and at least one other parameter, say θ j such that χ can be expressed directly in terms of φ(θ k , θ j ). As for the latter data-restricted 400 type of unidentifiability, we say θ k is practically unidentifiable when a unique minimum exists 401 of χ 2 ( θ) with respect θ k but the likelihood based confidence interval for θ extends infinitely Average ACF 10 −2 10 −1 10 0 (a) Average ACF 10 −2 10 −1 10 0 (b) Exogenous Ab = 0.1µg/mL Average ACF 10 −3 10 −2 10 −1 10 0 (c) Figure SM12 for the ensemble effective diffusivity with 95% BCa confidence intervals.
We can express this finding in terms of a statistical test by comparing the weighted en-450 semble effective diffusivity for the freely diffusing subpopulation at the two extreme Ab con-451 centrations. We used a one-tailed paired difference hypothesis test: where α k and β k are the effect terms for the k-th donor. We found the exogenous antibody 500 concentration (α exo = 15.920, p-value< 0.001), the growth rate due to the baseline donor 501 (α 0 = −0.8427, p-value = 0.0043), and baseline saturation probability (β 0 = 0.9138, p-value< 502 0.0001) were statistically significant in predicting the immobilization probability, whereas the 503 constants accounting for deviations from the baseline due to donor sample were not significant.
504
The model was fit using the R command nls() with the minimization algorithm set to Gauss-
505
Netwon's method. Figure SM11 for plots with 95% BCa confidence intervals.
The Simple Linear
Model predicts fast switching. The results from subsection 3.1 507 provide evidence against the hypothesis that switching between the diffusing and immobi-508 lized states is fast relative to the experimental time scale. Our next goal was to determine 509 whether there is a parameter regime that predicts slow switching while simultaneously being 510 consistent with the exogenous Ab-dependent Immobilization data displayed in Figure 6 . This 511 analysis depends strongly on two assumptions: (1) whether one virion-bound Ab is sufficient 512 to crosslink the virion to mucin, and (2) whether Ab-mucin binding rates increase when the 513 virion is immobilized, the so-called cascade effect. We introduced two variables -T , the 514 threshold number, and c, the cascade factor -in our general model to account for these pos-515 sible effects. In recent works, it has been assumed either that T = c = 1 [2, 11] or that T = 1 516 and c > 1 [20] . We refer to T = c = 1 as the Simple Linear Model (SLM) because all the 517 CTMC transition rates are linear. By computing the expected durations of the immobilized 518 and diffusing states (Equation (2.12), derivation in Appendix B.2), we were able to show that 519 the data is not consistent with the SLM, or any case where T = 1.
520
We say a model is consistent with the observed data for a specified donor if there exists a 521 parameter vector θ that is within the 95% confidence region for the Immobilized Fraction data 522 (denoted Θ α,df , defined in Equation (2.17)) and also predicts expected state times larger than 523 20 seconds (denoted Θ slow , defined in Equation (2.13)). In Figure 7 , we demonstrate that the 524 SLM is not consistent with the data for Donor F08. In the left panel, we show a 2d profile 525 likelihood plot for the endogenous Ab concentration [A] 0 and number of virion surface binding 526 sites N * . For each ([A] 0 , N * ) pair, we calculated the best fit for the remaining parameter q, the 527 virion-Ab interaction probability, and display the residual value by the shading (darker means 528 better fits). The black region represents the 95% confidence region for these two parameters.
We uniformly sampled this confidence region, Θ 0.05,3 , and displayed the predicted Immobilized 530 Fraction curves for these parameter samples in panel (b) and the Ab-concentration dependent 531 expected state durations in panel (c). We note that all parameter combinations in Θ 0.05,3 532 had diffusing states that lasted less than 0.1 seconds for all values of [A] exo . We repeated this 533 analysis for all donors and in each case found that Θ 0.05,3 ∩ Θ slow = ∅. 3.3. Threshold and binding cascade parameters allow slow switching. By allowing 535 the immobilization process to require multiple cross-linking antibodies, T > 1, and for the 536 Ab-mucin dynamics to be state-dependent, c = 1, we found both that (1) the subset of 537 parameters that lead to slow switching is non-empty (Θ slow = ∅), and (2) there is an overlap 538 between slow-switching parameters and parameters that fit the Immobilized Fraction data switches. We mark this subset in blue in all three panels. Notably, conditioned on T = 19, we 546 have that N * ≤ 120, which is somewhat smaller than the typical estimate for N * . In the next 547 section we note that assuming higher values for T leads to higher allowable values for N * . 
562
We draw the conclusion that if N * = 300, then T must be at least 34 and c must be at 563 least 63. If we increase the assumption about N * while keeping [A] 0 fixed, then we found 564 that the minimal allowable T and c for slow switching increase and decrease, respectively. 565 We demonstrate this relationship in Figure 8 by the results in the preceding section, we found that the introduction of T > 1 and c = 1 572 resulted in issues with identifiability. That is to say, it appears that the confidence region 573 Θ 0.05,5 is infinite even when restricted to the subspace Θ 0.05,5 ∩ Θ slow . We use the Immobilized 574 Fraction data for Donor F08 to demonstrate this fact but provide information for each Donor in 575 the Supplementary Information. Throughout this section we will use the terminology defined 576 in subsection 2.6.
577
Over the full parameter space Θ, the 1d profile likelihoods revealed that all three of Figure 9 .
(a)-(c) The 1d profile likelihoods for the parameters: immobilization threshold T , cascade factor c, and number of Ab binding sites on the virion N * , respectively over all tested parameter combinations (black curves) and when restricted to the slow switching regime (blue curves). The 95% confidence interval for each parameter consists of those parameter values with profile likelihood values below the dashed line.
Discussion.
We have developed mathematical models and statistical methods to ana-589 lyze the behavior of HSV virions diffusing in CVM in the presence of various concentrations of 590 cross-linking Ab. With a few exceptions, we found that particle paths can be partitioned into 591 two basic categories: Freely Diffusing and Immobilized. While the fraction of Immobilized 592 virions increases with Ab concentration, we found that the mobility of the Freely Diffusing 593 class is not Ab-concentration dependent. 
602
Introducing these extra features leads to a fundamental issue with unidentifiability in the 603 statistical analysis. We can make claims like "the minimum number of antibodies needed 604 to immobilize a virion must be greater than 20 or so", but we cannot be more specific. In 605 order to do so, we would need to have access to time series that are much longer than what 606 is currently experimentally feasible.
607
While we have shown that it is possible for reversible kinetics to be consistent with the 608 path data, it might also be possible to explain the data with a model that assume all binding 609 events are irreversible. Unfortunately the available data cannot distinguish between the two 610 models. One possible resolution is to conduct experiments that explicitly control for the 611 time between the introduction of Ab to the virion population and the observation of virion 612 trajectories. Based on our model, in which we assume the immobilization process is reversible 613 prior to the system reaching stationarity, switching should be more common when the number 614 of antibodies bound to surface epitopes is low. Therefore, starting the tracking immediately 615 enhances the probability of observing state switches before any long-lasting immobilization 616 events occur.
617
On the other hand, observing virions at different time points long after Ab introduction 618 will help determine whether or not the system reaches a stationary distribution. If so, there 619 should be substantial information in analyzing how (or if) that stationary distribution depends 620 on the Ab concentration, and the rate at which that stationary distribution is achieved.
621
The statistical methods and mathematical model introduced here apply to a broad class 622 of biological systems that are composed of distinct subpopulations. Our classification scheme 623 based on path-by-path analysis detects subpopulation dynamics that can be masked when 
The likelihood equation for the [immobilization → diffusion] switching model derivation 721 is similar to that [diffusion → immobilization] switching model but now we assume the im-722 mobilized particle is centered around the origin. Under the same reasoning as above 723 724
